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Abstract
Let k be a positive integer with k  2 and let F be a family of functions meromorphic on a domain
D in C, all of whose poles have multiplicity at least 3, and of whose zeros all have multiplicity
at least k + 1. Let a(z) be a function holomorphic on D, a(z) ≡ 0. Suppose that for each f ∈ F ,
f (k)(z) = a(z) for z ∈ D. Then F is a normal family on D.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
In 1979, Gu [5] proved the following well-known normality criterion, which is a con-
jecture of Hayman [7].
Theorem A. Let F be a family of meromorphic functions defined in domain D, and k be
a positive integer. If, for every function f ∈F , f = 0, f (k) = 1, then F is normal.
In 1986, Yang [17] improved the above result and obtained the following result.
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be the family of meromorphic functions in D, such that f (z) = 0 and f (k)(z) = a(z) for
each f ∈F . Then F is normal in D.
In 2000, Pang and Zalcman [11] improved Theorem B for the case k = 1, by allowing
f to have zeros, but restricting the multiplicity of zeros and poles of f (z).
Theorem C. Let F be a family of functions meromorphic on a domain D in C, all of
whose poles are multiple, and of whose zeros all have multiplicity at least 3. Let a(z) be
a function holomorphic on D, a(z) ≡ 0. Suppose that for each f ∈ F , f ′(z) = a(z) for
z ∈ D. Then F is a normal family on D.
A natural problem: what can we say if f ′ is replaced by kth derivative f (k) in Theo-
rem C? In this paper, we obtain the following result for the case k  2.
Theorem 1.1. Let k be a integer with k  2 and let F be a family of functions meromorphic
on a domain D in C, all of whose poles have multiplicity at least 3, and of whose zeros
all have multiplicity at least k + 1. Let a(z) be a function holomorphic on D, a(z) ≡ 0.
Suppose that for each f ∈F , f (k)(z) = a(z) for z ∈ D. Then F is a normal family on D.
The following two examples show that two conditions with k  2 and the restriction of
the multiplicity of poles in Theorem 1.1 are necessary.
Example 1.1. Let ∆ = {z: |z| < 1} and F = {fn}, where
fn(z) = (z
2 − 1/n)2(z2 + 1/n)2
z4
= z4 − 2
n2
+ 1
n4z4
.
Clearly, F fails to be normal at origin. However, all zeros of fn are multiple, and
f ′n(z) = 4z3 on C.
Example 1.2. Let ∆ = {z: |z| < 1}, an (n = 1,2, . . .) satisfy (k!ak+1n )/n = 1 andF = {fn},
where
fn(z) = (anz + 1)
k+1
nz
.
Then for each fn(z) ∈F , we have
(1) the zeros of fn(z) are multiplicity at least k + 1;
(2) f (k)n (z) = 1.
But F is not normal in ∆. In fact, for each fn(z) ∈ F , by a simple computation, we de-
duce that f #n (0) = n → ∞, as n → ∞, where f #n (0) = |f ′n(0)|/(1 + |fn(0)|2). By Marty’s
criterion, F is not normal in ∆.
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In order to prove theorem, we need the following lemmas.
Lemma 2.1 [1]. Let g be a meromorphic function of finite order. If g has only finitely many
critical values, then g has only finitely many asymptotic values.
Lemma 2.2 [1]. Let g be a transcendental meromorphic function such that g(0) = ∞ and
the set of finite critical and asymptotic values of g is bounded. Then there exists R > 0
such that∣∣g′(z)∣∣ |g(z)|
2π |z| log
|g(z)|
R
for all z ∈ C\{0} which are not poles of g.
Lemma 2.3. Let g be a transcendental meromorphic function of finite order, and let P be
a polynomial, P ≡ 0. Suppose that all zeros of g have multiplicity at least k + 1. Then
g(k) −P has infinitely many zeros.
Proof. If g has finitely many zeros, by the general Hayman’s inequality [8], we have
g(k) −P has infinitely many zeros.
If g has infinitely many zeros z1, z2, . . . , let G(z) = g(k−1)(z) − Q(z), where Q′(z) =
P(z). Since Q(zj ) → ∞ as j → ∞, we assume that Q(zj ) = 0 for all j . Suppose that
G′(z) has finitely many zeros. By Lemma 2.1, we see that G(z) has finitely many as-
ymptotic values. Without loss of generality, we may assume that 0 is not a pole of g. By
Lemma 2.2, we have∣∣∣∣zjG′(zj )G(zj )
∣∣∣∣ 12π log |Q(zj )|R .
Thus |zjG′(zj )/G(zj )| → ∞ as j → ∞. On the other hand,
G′(zj )
G(zj )
= P(zj )
Q(zj )
,
hence zjG′(zj )/G(zj ) converges to a finite numbers as j → ∞, which is contradiction.
Therefore g(k) − P has infinitely many zeros. 
Lemma 2.4 [14]. Let g(z) = amzm + am−1zm−1 + · · · + a0 + q(z)/p(z), where a0, a1,
. . . , am are constants, p(z) and q(z) are two co-prime polynomials with degq(z) <
degp(z), and let k be a positive integer. If g(k) = 1, then
g(z) = 1
k!z
k + · · · + a0 + b
(z + c)n ,
where b ( = 0), c are two constants and n ∈ N.
Lemma 2.5 [4]. Let f be a meromorphic function of finite order in the plane, b nonzero
complex number, and k a positive integer. If all zeros of f are of order at least k + 1 and
all poles of f are multiple, and f (k)(z) = b, then f (z) is a constant.
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g(z) = 1
(m + k) · · · (m + 1)z
m+k + ak−1zk−1 + · · · + a0 + b
(z+ c)n .
If all zeros of g have multiplicity at least k+ 1 and g(k)(z) = zm for z ∈ C, then n 2, that
is, all poles of g have multiplicity at most 2.
Proof. By a simple calculation, we have
g(k−2)(z) = z
m+2
(m + 2)(m + 1) + b1z + b0 +
a
(z + c)t ;
g(k−1)(z) = z
m+1
m + 1 + b1 +
−at
(z + c)t+1 ; g
(k)(z) = zm + at (t + 1)
(z + c)t+2 ,
where b1 = (k−1)!ak−1, b0 = (k−2)!ak−2, a ( = 0) are some constants and t = n+ k−2.
We claim that g(z) has at most 2 zeros. We consider two cases.
Case 1. c = 0. If z0 is the zero of g(z), according to the above three equations and the
hypothesis, we have
zm+20
(m + 2)(m+ 1) + b1z0 + b0 +
a
(z0 + c)t = 0; (2.1)
zm+10
m + 1 + b1 +
−at
(z0 + c)t+1 = 0; (2.2)
zm0 +
at (t + 1)
(z0 + c)t+2 = 0. (2.3)
Utilizing (2.1) and (2.2), we can obtain
zm+20 +
c(m+ 2)
m + t + 2z
m+1
0 +
b1(m + 2)(m + 1)(t + 1)
m + t + 2 z0 + e1 = 0, (2.4)
where e1 is a constant. Similarly, using (2.2) and (2.3), we can deduce
zm+10 +
c(m+ 1)
m + t + 2z
m
0 +
b1(m+ 1)(t + 1)
m + t + 2 = 0. (2.5)
By (2.4)–(2.3) z0, we have
zm+10 = −
b1(m + 1)2(t + 1)
c
z0 + e2, (2.6)
where e2 is a constant. Substituting the equality (2.6) in the equality (2.5), we can get
zm0 = −
b1(m + 1)(m+ t + 2)(t + 1)
c
z0 + e3, (2.7)
where e3 is a constant.
If b1 = 0, by (2.6) and (2.7), we have zm+10 = e2 and zm0 = e3. Substituting the above
two equalities in (2.4), we can obtain z0 = e4 where e4 is a constant. So g(z) has only one
zero.
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three constants. Hence the numbers of zeros of g are at most 2.
Case 2. c = 0. Using the same method, we can deduce that the numbers of zeros of g are
at most 2.
If we set
h(z) = 1
(m + k) · · · (m + 1)z
m+k + ak−1zk−1 + · · · + a0,
then
g(z) = h(z)(z + c)
n + b
(z + c)n =
(z − α1)n1(z − α2)n2
(z + c)n ,
where ni  k + 1 and n1 + n2 = m + n + k. Obviously, g(z) and h(z)(z + c)n + b has
same zeros. Hence αi, (i = 1,2) is the zeros of [h(z)(z+ c)n + b]′ with multiplicity ni − 1
(i = 1,2). We may assume that b = 0, because otherwise Lemma 2.6 is obvious. Since
[
h(z)(z + c)n + b]′ = (z + c)n−1[h′(z)(z+ c) + nh(z)],
and it is easy to see that αi = −c, then αi (i = 1,2) is the zeros of [h′(z)(z + c) + nh(z)]
with multiplicity ni − 1 (i = 1,2). Noting that deg[h′(z)(z+ c)+ nh(z)] = m+ k, we can
deduce that n 2. The lemma is proved. 
Lemma 2.7. Let k be a positive integer and let F be a family of meromorphic functions on
the unit disc ∆ all of whose zeros have multiplicity at least k. Then if F is not normal at
origin, there exist, for each −1 < α < k,
(a) a number r , 0 < r < 1;
(b) points zn, |zn| < r < 1, zn → 0;
(c) functions fn ∈F ; and
(d) positive numbers ρn → 0+;
such that
gn(ξ) = ρ−αn fn(zn + ρnξ) → g(ξ)
locally uniformly with respect to the spherical metric, where g is a nonconstant meromor-
phic function on C such that g#(ξ) g#(0) = 1. Moreover, g is of order at most two.
The case α = 0 of this lemma is due to Zalcman [18]. Pang [9,10] proved that one
always take −1 < α < 1. The above version is due to Chen and Gu [3]. For a survey of
applications of this lemma we refer to [19].
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Proof. We first show that F is normal at a point z0 with a(z0) = 0. Assume the contrary.
Suppose that F is not normal at z0. We may assume that a(z0) = 1. By Lemma 2.7, there
exist fn ∈F and zn → z0, and ρn → 0+ such that
gn(ξ) = fn(zn + ρnξ)
ρkn
→ g(ξ)
spherically uniformly on compact subsets of C, where g(z) is not nonconstant meromor-
phic function on C, all orders of whose zeros are at least k + 1 and of whose poles are at
least 3. By Hurwitz’s theorem, we obtain that g(k)(ξ) = 1, it follows a contradiction from
Lemma 2.5.
We now prove that F is normal at the points for which a(z) = 0. By making standard
normalization, we assume that D is the unit disc ∆, a(0) = 0, and a(z) = zmb(z) where
m 1 is a positive integer and b(z) is holomorphic in ∆ with b(0) = 1 and b(z) = 0 for
z ∈ ∆. Let
F1 :=
{
F : F(z) = f (z)
zm
, f ∈F
}
.
If z0 is the zero of a(z), by hypothesis we can know f (z0) = 0 for every f ∈F . So we can
obtain that Fn(z) has zeros of multiplicity at least k + 1. We shall prove F1 is normal at
origin. Suppose not, by Lemma 2.7, there exist Fn ∈F1 and zn ∈ ∆, zn → 0, and ρn → 0+
such that
gn(ξ) = Fn(zn + ρnξ)
ρkn
→ g(ξ)
spherically uniformly on compact subsets of C, where g(ξ) is nonconstant meromorphic
function on C, all orders of whose zeros are at least k + 1 and of whose poles at least 3.
Moreover, g#(ξ) g#(0) = 1 for all ξ ∈ C.
Now, we distinguish two cases.
Case 1. Suppose zn/ρn → ∞. We have
F (k)n (z) =
{
f
(k)
n (z)/z
m +∑k−1i=0 Ck−i (F (i)n (z)/zk−i ), m > k,
f
(k)
n (z)/z
m +∑k−mi=0 Ck−i (F (i)n (z)/zk−i ), m k,
where Cj , j = 1,2, . . . , k are constant. Thus
g(k)n (ξ) = F (k)n (zn + ρnξ)
= f
(k)
n (zn + ρnξ)
(zn + ρnξ)m +
C1
zn + ρnξ F
(k−1)
n (zn + ρnξ) + · · ·
+ Ck
(zn + ρnξ)k Fn(zn + ρnξ), (3.1)
where Cj = 0, j = m + 1, . . . , k, if m < k. Clearly
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n→∞
Cjρ
j
n
(zn + ρnξ)j = limn→∞
Cj
( zn
ρn
+ ξ)j = 0, j = 1,2, . . . , k, (3.2)
uniformly on compact set of C. At the same time,
lim
n→∞
1
b(zn + ρnξ) = 1
uniformly on compact subset of C. Let S be the set of all the poles of g(ξ), by (3.1) and
(3.2), on the compact subset of C\S,
f
(k)
n (zn + ρnξ)
a(zn + ρnξ) =
f
(k)
n (zn + ρnξ)
(zn + ρnξ)mb(zn + ρnξ)
= 1
b(zn + ρnξ)
{
g(k)n (ξ) −
C1ρng
(k−1)
n (ξ)
zn + ρnξ − · · · −
Ckρ
k
ngn(ξ)
(zn + ρnξ)k
}
(3.3)
converges uniformly to g(k)(ξ). Since f (k)n (z)/a(z) = 1, by Hurwitz’s theorem, either
g(k)(ξ) ≡ 1 or g(k)(ξ) = 1 for all ξ ∈ C. Let ξ1 be a zero of g(ξ). If g(k)(ξ) ≡ 1. Note
that g(ξ) has zeros of multiplicity at least k + 1, then we obtain the contradiction. Assume
that g(k)(ξ) = 1, it follows a contradiction from Lemma 2.5.
Case 2. Suppose zn/ρn → α, a finite complex number. We have
Hn(ξ) := Fn(ρnξ)
ρkn
= Fn(zn + ρn(ξ − zn/ρn))
ρkn
→ g(ξ − α) = gˆ(ξ),
the convergence being spherically uniform on compact sets of C. Clearly, the pole of gˆ(ξ)
has order at least m at ξ = 0. For each ξ0 = 0, it is easy to see that there exist a neighbor
N(ξ0, δ) of ξ0 such that ξmHn(ξ) ⇒ ξmgˆ(ξ), the convergence being spherically uniform
on N(ξ0, δ). For ξ0 = 0, since the pole of gˆ(ξ) has order at least m at ξ = 0, then there exists
δ > 0, such that 1/gˆ(ξ) is analytic on D2δ = {ξ : |ξ | < 2δ}. Hence 1/Hn(ξ) are analytic
on Dδ = {ξ : |ξ | < δ} for sufficiently large n. Since 1/Hn(ξ) = ρ(m+k)n ξm/fn(ρnξ) and
fn(0) = 0, then ξ0 = 0 is the zero of 1/Hn(ξ) with multiplicity of m. Therefore, noting
that the zero of 1/gˆ(ξ) has order at least m at ξ = 0, we can deduce that 1/ξmHn(ξ)
converges uniformly to 1/ξmgˆ(ξ) on D(1/2)δ = {ξ : |ξ | < (1/2)δ}. Hence we have
Gn(ξ) := fn(ρnξ)
ρm+kn
= (ρnξ)
m
ρmn
Hn(ξ) → ξmgˆ(ξ) = G(ξ),
the convergence being spherically uniform on compact sets of C. It follows that all zeros
of G(ξ) have order at least k + 1, all poles of G(ξ) have order at least 3 and G(0) = 0.
We claim that G(k)(ξ) = ξm. Suppose that G(k)(ξ0) = ξm0 . Then G(ξ) is holomorphic
at ξ0, and
G(k)n (ξ) −
a(ρnξ)
m
= f
(k)
n (ρnξ) − a(ρnξ)
m
= 0.ρn ρn
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constant polynomial. Since G(0) = 0, all of whose zeros have orders at most k, we get
a contradiction.
Thus G(k)(ξ) = ξm. By Lemma 2.3, we obtain that G(ξ) is a rational function. Let
S(ξ) := G(ξ) − 1
(m + k) · · · (m + 1) ξ
m+k + ξ
k
k! ,
we have S(k)(ξ) = 1 for all ξ ∈ C. By Lemma 2.4, we have
S(ξ) = ξ
k
k! + ak−1ξ
k−1 + · · · + a0 + b
(ξ + c)n ,
that is,
G(ξ) = 1
(m + k) · · · (m + 1)ξ
m+k + ak−1ξk−1 + · · · + a0 + b
(ξ + c)n .
By Lemma 2.6, we obtain that all poles of G(ξ) have multiplicity at most 2 which contra-
dicts that all poles of G(ξ) have order at least 3. The condition shows that F1 is normal
on ∆.
It remains to prove that F is normal at origin. Suppose {fn} be a sequence of functions
inF . SinceF1 is normal on ∆, then there exist δ < 1/2 such that {Fn} uniformly converges
to a meromorphic function h(z) or ∞ on ∆2δ . Noting Fn(0) = ∞, we can deduce that there
exists positive constant M such that |Fn(z)|M for all z ∈ ∆δ . Thus fn = 0 for all z ∈ ∆δ
for all n. Thus 1/fn(z) is analytic in ∆δ . Therefore, for all n, we have∣∣∣∣ 1fn(z)
∣∣∣∣=
∣∣∣∣ 1Fn(z)
1
|z|m
∣∣∣∣M 2mδm , |z| = δ2 .
By Montel’s theorem, {fn} is normal at origin, thus F is normal on ∆. The theorem is
proved. 
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